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The time evolution of director orientation in the cell subject to the external mag-
netic field in the case of time-dependent boundary conditions is investigated.
The case when one substrate has strong anchoring and at other substrate director
anchoring is determined by process of adsorption=desorption of LC molecules on it
is considered. The problem is solved in one constant approximation and Rapini-
type potential for interaction between LC molecules in the cell and adsorbed LC
molecules is proposed. During the time evolution the orientational distribution
function of molecules adsorbed on the cell substrate possesses two maximums.
Time evolution of the director orientation, anchoring energy and easy axis at the
substrate is investigated numerically.

Keywords: anchoring energy; liquid crystals; memory-free alignment

1. INTRODUCTION

The possibility to control precisely the anchoring energy of liquid crys-
tals (LC) on photo aligning polymers makes them the most promising
materials for weak and memory-free anchoring. The problem, which
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hampers their application, is the strong alignment memory effect. This
effect is caused by an anisotropic adsorption of LC molecules on align-
ing surface and is observed for most aligning materials and different
liquid crystals [1–8]. The adsorbed layer behaves as a new anisotropic
substrate, imposing strong monostable anchoring [2]. The strength of
anchoring depends on the number of adsorbed LC molecules and their
orientational distribution function. The memory alignment can be
changed due to adsorption and desorption of LC molecules.

The purpose of the present paper is to investigate time evolution
of director orientation in the cell subject to the external magnetic
(or electric) field in the case of time-dependent boundary conditions.
We will concentrate our consideration on the case when one substrate
has strong anchoring and at other substrate director anchoring is
determined by process of adsorption=desorption of LC molecules on it.

The free energy functional has the usual form

F ¼ Felast þ Fm þ FS; ð1:1Þ

where Felast is the elastic energy, Fm describes the interaction with the
magnetic field and has the form

Fm ¼ �
Z
vað~nnð~rrÞ � ~HHð~rrÞÞ2dV;

and FS is the part of the free energy that corresponds to the inter-
action with surface.

To formulate the problem we have to choose some model for FS and
describe the time evolution for the adsorption=desorption process
using the kinetic equation for the distribution of the molecules on
the surface. The molecules in the volume are described by the function
fvolðaÞ, where a is the angle between the director ~nnð~rrÞ obtained from the
dynamical equations and another direction ~nn0, the maximum of this
function is related to the director orientation. For the molecules near
the substrate we have to make the projection of the 3-dimensional dis-
tribution fvol onto 2-dimensional one fV . Evidently, the part FS of free
energy depends on the function fV and the distribution fS of LC mole-
cules at the surface. The maximum of fS plays the role of easy axis on
the surface. The function fSðu; tÞ (the value fSðu; tÞ roughly speaking
describes the portion of molecules with the angle u) obeys the kinetic
equation like

@fSðu; tÞ
@t

¼ AþfVðu; tÞ � A�fVðu; tÞ; ð1:2Þ

where the constants are related to the adsorption=desorption rates.
This kinetic equation determines the form of FS and therefore

2=[1868] A. Romanenko et al.
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the boundary condition for Euler-Lagrange equation obtained from
the functional (1.1). Finally we arrive to the system of equations: the
Euler-Lagrange equation for ~nnð~rrÞ (differential), boundary conditions
(algebraic and=or integral), and the kinetic equation (1.2) (differential).

In the present work we consider the simplified situation in
1-constant approximation with the planar director orientation. The
paper is organized as follows. In Section 2 we present the model and
briefly discuss the well-known solution of Euler-Lagrange equation
for the case of nematic molecules distributed between two parallel
planes. For the sake of simplicity we consider the case strong anchor-
ing on the first plane. Here the model of time-dependent boundary
condition is given. Next, in Sec. 2 we also discuss the form of the
anchoring energy presented above, this analyzes allows us to rewrite
the form of the anchoring energy in Rapini-like form in Sec. 3. Using
the kinetic equation the time evolution of all the values can be formu-
lated in terms of the angle related to the director orientation in the vol-
ume (see Sec. 4). Simple asymptotical solutions are given in Sec. 5. In
Section 6 we discuss the modification of the model when the magnetic
field is applied with the angle different from p=2. The numerical
results are discussed in Sec. 7 for the modified kinetic equation Sum-
mary and discussion is given in Sec. 8.

2. DESCRIPTION OF THE SYSTEM

1. General Expressions and Geometry of the Model

The bulk elastic energy Felast in one constant approximation is
given by

Felast ¼
1

2

Z
k22@inj@injdV: ð2:1Þ

Consider the following configuration: let the nematic molecules are
distributed between the planes z ¼ 0 and z ¼ l. The director field due
to the symmetry can be expressed in terms of the angle uðzÞ:

~nnðzÞ ¼ ~eex cosuðzÞ þ~eey sinuðzÞ; uðzÞ ¼ ffð~nn;~eexÞ

(here u is an azimuthal angle in spherical coordinates).
The system is in the magnetic field ~HH ¼ ~eeyH, so that the total func-

tional of the free energy consists of tree parts: the elastic energy Felast,
the surface terms FS and the term caused by the magnetic field FH:

F ¼ Felast þ FH �WS; FH ¼ � 1

2

Z
vað~nn � ~HHÞ2dV: ð2:2Þ

Magnetic Field Induced Director Reorientation 3=[1869]
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Using notations introduced above

F ¼ 1

2

Z l

0

dz½k22u02ðzÞ � vaH
2 sin2 uðzÞ� þ FS; FS ¼ �WS: ð2:3Þ

In the model of the surface potential proposed by Rapini

WS ¼ 1

2
Wo cos

2ðuð0Þ � uoÞ þ
1

2
Wl cos

2ðuðlÞ � ulÞ:

where uo and ul are easy axes at the planes z ¼ 0 and z ¼ l corres-
pondingly.

In the present paper we suggest that the energy WS depends on the
values uð0Þ, uðlÞ and the properties of a surface that determine the
easy axis orientation. For the sake of simplicity we consider the case
when at the surface z ¼ 0 we have strong anchoring with uo ¼ 0.
So that

F ¼ 1

2

Z l

0

dz½k22u02ðzÞ � vaH
2 sin2 uðzÞ� �WS½uðlÞ�: ð2:4Þ

Taking the variation of this functional one will arrive to the follow-
ing Euler-Lagrange equation

u00ðzÞ þ vaH
2

k22
sinuðzÞ cosuðzÞ ¼ 0;

a2 ¼ vaH
2

k22
ðwe suppose that va > 0Þ;

ð2:5Þ

with boundary conditions

uð0Þ ¼ 0; k22u
0ðlÞ � dWS½uðlÞ�

duðlÞ ¼ 0: ð2:6Þ

The solution of the Eq. (2.5) is well-known. Using its first integral
we get

u02ðzÞ þ a2 sin2 uðzÞ ¼ C2 ¼ const;

the constant is related to the maximum of the function uðzÞ,
C ¼ sinum, for um ¼ uðzmÞ, where u0ðzmÞ ¼ 0. Using the boundary
condition for z ¼ 0 we can write the solution in the form

az ¼
Z uðzÞ

0

du

½sin2 um � sin2 u�1=2
;

4=[1870] A. Romanenko et al.
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or

az ¼
Z arcsinðsinuðzÞ=kÞ

0

du

½1� k2 sin2 u�1=2

� F arc sin
sinuðzÞ

k
; k

� �
; k ¼ sinum ð2:7Þ

(we can see that zm ¼ KðalÞ). In the equivalent form of the Eq. (2.7) can
be written as

sinuðzÞ ¼ k snðaz; kÞ: ð2:8Þ
The parameter k of the elliptic integral can be determined from the

second boundary condition. Taking into account (2.8) we can rewrite
this in the form

ak cnðal; kÞ � 1

k22

dW½uðlÞ�
duðlÞ

����
uðlÞ¼arcsinðk snðal;kÞÞ

¼ 0: ð2:9Þ

In Rapini model (2.9) reads

ak cnðal; kÞ þ Wl

k22
sinðuðlÞ � ulÞ cosðuðlÞ � ulÞ

����
uðlÞ¼arcsinðk snðal;kÞÞ

¼ 0:

ð2:10Þ

In two simplest cases W ! 0 and W ! 1 this equation can be
rewritten in more simple one. When W ! 0, (2.9) is reduced to
k cnðal; kÞ ¼ 0, so that k obeys the equation KðkÞ ¼ al. When Wl ! 1;
uðlÞ ¼ ul, where ul is the solution of the equation dW½u�=du ¼ 0. In
Rapini model this equation holds due to (2.10).

In all of these cases the value k determines the director distribution
completely.

2. Time Evolution

In the present paper we will analyze the time-dependent boundary
condition at z ¼ l. Time evolution of the easy axis at the surface z ¼ l
is governed by the process of adsorption=desorbtion of the molecules
at the surface. Therefore the functions like to director orientation,
the easy axis at the surface, the anchoring energy, are time-dependent.

Free energy functional has the form

FðtÞ ¼ 1

2

Z l

0

dz k22
@uðz; tÞ

@z

� �2
� vaH

2 sin2 uðz; tÞ
" #

þ FSðtÞ: ð2:11Þ

Magnetic Field Induced Director Reorientation 5=[1871]
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All the equations determining the director orientation preserves
their form, but the parameter k becomes time-dependent.

We assume the following expression for the anchoring energy

WðtÞ ¼ Wo

Z
dX1

Z
dX2ð~nn1 � ~nn2Þ2fsurf ðX1; tÞfvolðX2; tÞ; ð2:12Þ

where ~nn1;2 are determined by X1;2 ¼ ðu1;2; h1;2Þ in spherical coordi-
nates, fvol and fsurf are distribution functions in the cell (for some z)
and at the substrate.

For fvolðX; tÞ we choose

fvolðX0; tÞ ¼ 1

Nvol
expðbP2ð~nn � ~nn0ÞÞ;

Z
fvolðX; tÞdX ¼ 1; b ¼ aS

kT
: ð2:13Þ

Here Nvol is a normalization constant, S is the order parameter, a is
some constant, ~nn is the director orientation (solution of Euler-
Lagrange equations), ~nn0 is orientation of LC molecules determined
by X0 ¼ ðu0; h0Þ. Using

~nn ¼ ðcosu; sinu; 0Þ; ~nn0 ¼ ðcosu0 sin h0; sinu0 sin h0; cos h0Þ

we get

~nn � ~nn0 ¼ sin h0 cosðu� u0Þ;

so that

fvolðX0; tÞ ¼ 1

Nvol
expðbP2ðsin h0 cosðu� u0ÞÞ; ð2:14Þ

the real time dependence is included in ~nn (or uðtÞÞ:
The LC molecules can be adsorbed on the surface with different

values of h0 but with the same u0. Distribution on the surface is planar
so that we have to make a 2-dimensional projection of (2.14) integrat-
ing on the variable h0, i.e., to describe these molecules we have to con-
sider the averaged distribution for z ¼ l:

fVðu0; tÞ ¼ fvolðX0; tÞh ih0¼
Z p

0

fvolðX0; tÞ sin h0dh0: ð2:15Þ

Further we will denote uðl; tÞ by uVðtÞ:
As to the distribution fsurf it is evident that that its form is

fsurf ðX0; tÞ ¼ fSðu0; tÞdðcos h0Þ;

here the last multiplier displays the fact that all the molecules lie at
the substrate.

6=[1872] A. Romanenko et al.
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Therefore using the properties of fvolðX; tÞ and fsurf ðX; tÞ we can
rewrite WðtÞ as

WðtÞ ¼ Wo

Z p=2

�p=2
du1

Z p=2

�p=2
du2 cos

2ðu1 � u2ÞfSðu1; tÞ

�
Z p

0

sin3 h2fvolðX2; tÞdh2;

or, denoting

f Vðu; tÞ ¼
Z p

0

fvolðX; tÞ sin3 hdh ð2:16Þ

we can present (2.2) as

WðtÞ ¼ Wo

Z p=2

�p=2
du1

Z p=2

�p=2
du2fSðu1; tÞf Vðu2; tÞ cos2ðu1 � u2Þ: ð2:17Þ

The functions fVðu0; tÞ and f Vðu0; tÞ are given and we can introduce
more convenient notations motivated as follows. Maximum values
both of them are reached when u0 ¼ uV and they are symmetric with
respect to extremum. Moreover, their real time dependencies are
included into uVðtÞ: So we denote

fVðu0 � uVðtÞÞ � fVðu0; tÞ; f Vðu0 � uVðtÞÞ � f Vðu0; tÞ;

where

fVðaÞ ¼
1

Nvol

Z p

0

ebP2ðsin h cos aÞ sin hdh;

�ff VðaÞ ¼
1

Nvol

Z p

0

ebP2ðsin h cos aÞ sin3 hdh:

With these notations for a fixed moment of time WS as the function of
uV reads

W½uVðtÞ� ¼ Wo

Z p=2

�p=2
du1

Z p=2

�p=2
du2fSðu1; tÞfVðu2 � uVðtÞÞ cos2ðu1 � u2Þ:

ð2:18Þ

The function fSðu; tÞ obeys the kinetic equation

@fSðu; tÞ
@t

¼ AþfVðu� uVðtÞÞ � A�fSðu; tÞ; ð2:19Þ

where A� are the coefficients describing velocities of the adsorp-
tion=desorbtion process. In the equilibrium case fSðu; tÞ is simply

Magnetic Field Induced Director Reorientation 7=[1873]
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proportional to fVðu� uVÞ, namely

fSðu; tÞ ¼
Aþ
A�

fVðu� uVðtÞÞ

so that u ¼ uV is the maximum of this distribution and corresponds to
the easy axis on a surface.

To find the director orientation we have to solve the boundary con-
dition for all time values, this equation depends on function WðtÞ, to
write its explicit form in order to find the energy WðtÞ we have to solve
the kinetic equation. The initial condition we choose

fSðu; 0Þ ¼
Aþ
A�

fVðu� uSð0Þ; 0Þ

where the value uSð0Þ is given. Molecules, adsorbed on a surface, are
not so mobile as the volume ones so that at t ¼ 0 the function fSðuÞ
describes the equilibrium distribution. At the same time the magnetic
field changes the orientation of the molecules in the cell.

It should be noted here that the functions fVðuÞ and f VðuÞ can be
expressed in terms of error-function integral. Calculating the integral
over h directly one will arrive to the following expressions:

fVðuÞ ¼
1

Nvol

ffiffiffi
p

p

n
ebP2ðcosbÞerf ðnÞ; ð2:20Þ

f VðuÞ ¼ � 1

Nvol

1

n2
e�b=2 þ 1

2n2
fVðuÞ; ð2:21Þ

where

n2 ¼ 3b
2

cos2 u; � p
2
u
p
2
; erf ðxÞ ¼ 2ffiffiffi

p
p
Z x

0

e�t2dt:

For u ! p=2 (a ! 0) there are not any singularity. Indeed,

fVðuÞ !
2

NV
e�b=2; f VðuÞ ! 0 for u ! p

2
:

Using (2.20, 2.21) and the properties of the error function we can write
down power series expansions

fVðuÞ ¼
2

Nvol
e�b=2

X1
n¼0

2n

ð2nþ 1Þ!! n
2n � 2

Nvol
e�b=2

�
X1
n¼0

2n

ð2nþ 1Þ!!
3b
2

� �n

cos2n u; ð2:22Þ

8=[1874] A. Romanenko et al.
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f VðuÞ ¼
2

Nvol
e�b=2

X1
n¼0

2n

ð2nþ 3Þ!! n
2n � 2

Nvol
e�b=2

�
X1
n¼0

2n

ð2nþ 3Þ!!
3b
2

� �n
cos2n u; ð2:23Þ

(these functions differ from each other on the factor 2nþ 3 in Tailor
series).

Normalization constant Nvol can be calculated from the conditionR p=2
�p=2 fVðuÞdu ¼ 1: The result is

Nvol ¼ 2pe�b=2 erfið
ffiffiffiffiffiffiffiffiffiffiffi
3b=2

p
Þffiffiffiffiffiffiffiffiffiffiffi

3b=2
p ; erfiðxÞ ¼

Z x

0

et
2

dt: ð2:24Þ

3. THE ANCHORING ENERGY

For each fixed moment of time the integral (2.12) can be considered as
the function of the parameter uV , so that we can transform
WðtÞ � W½uV � using general properties of the distributions fvol and
fsurf :

Making a substitution a2 ¼ u2 � uV into the inner integral and per-
forming the simple calculations with trigonometric functions we
obtain

W½uV � ¼ Wo

Z p=2

�p=2
fSðu1; tÞdu1

Z p=2�uV

�p=2�uV

f Vða2; 0Þda2

"

þ cos 2ðu1 � uVÞ
Z p=2�uV

�p=2�uV

f Vða2Þ cos 2a2 da2

þ sin 2ðu1 � uVÞ
Z p=2�uV

�p=2�uV

f Vða2Þ sin 2a2 da2

#
:

The functions sin 2h; cos 2h and f VðhÞ are periodic with the period p,
so that we can change the range of integrals from ½�p=2� uV ;
p=2� uV � to ½�p=2; p=2�: Further, f VðhÞ ¼ f Vð�hÞ so that the integral
with the sine function vanishes due to antisymmetry of sin 2h:

Finally, we arrive to the following form of the anchoring energy

W½uV � ¼
1

2
Wo ISIV þ C2VðC2S cos 2uV þ S2S sin 2uVÞ
� �

; ð3:1Þ

Magnetic Field Induced Director Reorientation 9=[1875]
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where

ISðtÞ ¼
Z p=2

�p=2
fSðh;tÞdh; IV ¼

Z p=2

�p=2
f VðhÞdh¼ const;

C2V ¼
Z p=2

�p=2
f VðhÞcos2hdh¼ const; S2V ¼

Z p=2

�p=2
f VðhÞsin2hdh� 0;

C2SðtÞ ¼
Z p=2

�p=2
fSðh;tÞcos2hdh; S2SðtÞ ¼

Z p=2

�p=2
fSðh;tÞsin2hdh:

ð3:2Þ

Using (2.20, 2.21) we can find the following connection between IV , IV
and C2V :

3b
2
ðIV þC2VÞ ¼

p
Nvol

e�b=2�1

2
IV :

The integral IV can be calculated with the use of expansion (0.9),
we get

IV ¼ 2pe�b=2

Nvol

X1
n¼0

1

ð2nþ1Þð2nþ3Þn!
3b
2

� �n

:

In these denotations one can rewrite the formula for the anchoring
energy in the special form that is similar to usual Rapini expression.
Let us define the angle uSðtÞ:

sin 2uSðtÞ ¼
S2SðtÞ

½C2
2SðtÞ þ S2

2SðtÞ�
1=2

; cos 2uSðtÞ ¼
C2SðtÞ

½C2
2SðtÞ þ S2

2SðtÞ�
1=2

ð3:3Þ

Therefore (3.2) reads

W½uV � ¼
1

2
Wo ISIV þ C2V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

2SðtÞ þ S2
2SðtÞ

q
cos 2ðuVðtÞ � uSðtÞÞ

� �
: ð3:4Þ

The boundary condition at the plane z ¼ l has the form

k22
@uðz; tÞ

@z

����
z¼l

� @W½uVðtÞ�
@uVðtÞ

¼ 0: ð3:5Þ

The last term in l.h.s. of (3.5) can be calculated by the direct differen-
tiation (0.4) or (1.1) on the parameter uV : So we get

@W

@uV

¼ WoC2VðS2S cos 2uV � C2S sin 2uVÞ ð3:6Þ

10=[1876] A. Romanenko et al.
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(here we use only the formal properties of fVðhÞ without its explicit
form).

From (3.6) we can conclude that dWduV ¼ 0 when uV ¼ uS, so that
the function uSðtÞ defined in (3.3) plays the rule of the easy axis on a
surface at the time moment t: Using the definition of uS and the
expression (3.6) we can rewrite the boundary condition as

k22
@uðz; tÞ

@z

����
z¼l

þWoC2V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

2SðtÞ þ S2
2SðtÞ

q
sin 2ðuVðtÞ � uSðtÞÞ ¼ 0 ð3:7Þ

that formally coincides with Rapini expression.

4. KINETIC EQUATION

Time evolution is governed by the kinetic equation

@fSðu; tÞ
@t

¼ AþfVðu� uVÞ � A�fSðu; tÞ; fSðu; 0Þ ¼
Aþ
A�

fVðu� uSð0ÞÞ:

Multiplying all sides of the kinetic equation on sin 2u and cos 2u and
integrating on u in the range ½�p=2; p=2� one can find the differential
equations

d

dt
S2SðtÞ þ A�S2SðtÞ ¼ AþC2V sin 2uVðtÞ;

d

dt
C2SðtÞ þ A�C2SðtÞ ¼ AþC2V cos 2uVðtÞ;

ð4:1Þ

with formal solutions

S2SðtÞ ¼ S2Sð0Þe�A�t þ AþC2V

Z t

0

e�A�ðt�sÞ sin 2uVðsÞds;

C2SðtÞ ¼ C2Sð0Þe�A�t þ AþC2V

Z t

0

e�A�ðt�sÞ cos 2uVðsÞds:
ð4:2Þ

Here analogously to (3.2) we have introduced the following constants

IV ¼
Z p=2

�p=2
fVðhÞdh ¼ const;

C2V ¼
Z p=2

�p=2
fVðhÞ cos 2hdh ¼ const;

S2V ¼
Z p=2

�p=2
fVðhÞ sin 2hdh � 0: ð4:3Þ

Magnetic Field Induced Director Reorientation 11=[1877]
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The constant C2V can be calculated from the identityZ p=2

�p=2
fVðuÞ cos2 udu � 1

2
ðIV þ C2VÞ ¼

1

Nvol

pe�b=2

3b=2
ðe3b=2 � 1Þ;

so that

C2V ¼ 2

Nvol

pe�b=2

3b=2
ðe3b=2 � 1Þ � IV :

Similarly, integrating the kinetic equation directly, we obtain the
equation for the integral ISðtÞ ¼

R p=2
�p=2 fSðu; tÞdu;

d

dt
ISðtÞ þ A�ISðtÞ ¼ AþIV ;

therefore,

ISðtÞ ¼ ISð0Þ �
Aþ
A�

� �
e�A�t þ Aþ

A�
IV : ð4:4Þ

Assuming fSðu; 0Þ ¼ AþA�fVðu� uSð0ÞÞ we get ISð0Þ ¼ ðAþ=A�ÞIV , so
that

ISðtÞ ¼
Aþ
A�

IV ¼ const: ð4:5Þ

Note that the kinetic equation one can rewrite by the following way,
making the substitution fSðu; tÞ ¼ eA�tf̂f Sðu; tÞ:

fSðu; tÞ ¼ fSðu; 0Þe�A�t þ Aþ

Z t

0

e�A�ðt�sÞfVðu;uVðsÞÞds: ð4:6Þ

Integrating this equation with 1, sin 2u and cos 2u we will arrive to the
results obtained above. Using the formal solutions for S2SðtÞ and C2SðtÞ
one can present the energy and its derivative with respect to uV as

W½uV � ¼
1

2
Wo½IS �IIV þ �CC2V ½cos 2uVðtÞC2Sð0Þ þ sin 2uVðtÞS2Sð0Þ�e�A�t

þ C2V
�CC2V

Z t

0

e�A�ðt�sÞ cos 2 uVðtÞ � uVðsÞð Þds�; ð4:7Þ

dW½uV �
duV

¼ WoC2V ½cos 2uVðtÞS2Sð0Þ � sin 2uVðtÞC2Sð0Þ�e�A�t

�WoAþC2VC2V

Z t

0

e�A�ðt�sÞ sin 2 uVðtÞ � uVðsÞð Þds: ð4:8Þ

12=[1878] A. Romanenko et al.
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Using the formal time dependencies, we are able to reformulate the
initial problem as following. To calculate the director orientation for
any time moment we need kðtÞ: This function satisfies the integral
equation

akðtÞcnðal; kðtÞÞ �WoC2V cos 2uVðtÞS2Sð0Þ � sin 2uVðtÞC2Sð0Þð Þe�A�t

þWoC2VC2V

Z t

0

e�A�ðt�sÞ sin 2 uVðtÞ � uVðsÞð Þds ¼ 0: ð4:9Þ

When t ! 1 the first term can be neglected.

5. ASYMPTOTIC

Let us consider the asymptotic behaviour of the solution when t ! 1.
In this case

lim
t!1

tg 2uSðtÞ ¼ lim
t!1

R t
0 e

�A�ðt�sÞ sin 2uVðsÞdsR t
0 e

�A�ðt�sÞ cos 2uVðsÞds
¼ lim

t!1
tg 2uVðtÞ:

Therefore uSðtÞ ! uVðtÞ, when t ! 1 and the boundary condition at
z ¼ l in this case reads

k22
@uVðz;1Þ

@z

����
z¼l

¼ ak22 � kð1Þcn al; kð1Þð Þ ¼ 0;

so that al ¼ Kðkð1ÞÞ. This means that for t ! 1 angles uS and uV are
equal and are independent on the properties of a surface.

By the similar way we can consider the limit t ! 0, the boundary
condition is reduced to

k22akð0Þcnðal; kð0ÞÞ þWoC2V ½C2
2Sð0Þ þ S2

2Sð0Þ�
1=2

� sin 2 uVð0Þ � uSð0Þð Þ ¼ 0:

This equation receives the simplest form when uSð0Þ ¼ 0:

k22akð0Þcnðal;kð0ÞÞ þWoC2VC2Sð0Þ sin 2uVð0Þ ¼ 0:

Taking into account the solution uV ¼ arc sin k snðal; kÞð Þ we get

snðalÞcnðalÞ
dnðalÞ ¼ � ak22

2WoC2VC2Sð0Þ
:¼ n ¼ const;

so that

cnð2al; kÞ ¼ 1� n2

1þ n2

Magnetic Field Induced Director Reorientation 13=[1879]
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or, equivalently

2al ¼ F arc cos
1� n2

1þ n2
; kð0Þ

 !
:

This equation allows one to find kð0Þ and investigate the properties of
the critical field.

6. NON-ORTHOGONAL FIELD CONFIGURATION

Let us now consider the simple modification of the problem. In all the
calculations performed above the direction of the magnetic field was
orthogonal to the easy axis at the plane z ¼ 0. In more general case

~HH ¼ Hð~eex cosuH þ~eey sinuHÞ;

so that the free energy functional receives the form

F ¼ 1

2

Z l

0

dz½k22u02ðzÞ � vaH
2 cos2ðuðzÞ � uHÞ� �WS: ð6:1Þ

With the use of standard procedure we will arrive to the Euler-
Lagrange equation with the following boundary conditions

uð0; tÞ ¼ 0 ðfor z ¼ 0Þ; k22u
0
zðl; tÞ �

dWS½uðl; tÞ�
duðl; tÞ ¼ 0 ðfor z ¼ lÞ:

For arbitrary uH we introduce the substitution

wðz; tÞ ¼ uH � uðz; tÞ; ð6:2Þ

so that the Euler-Lagrange equation reads

w00
zðz; tÞ þ

vaH
2

k22
sinwðz; tÞ coswðz; tÞ ¼ 0; a2 ¼ vaH

2

k22
ð6:3Þ

the boundary conditions (2.2) are reduced to

wð0; tÞ � wo ¼ uH; k22w
0
zðl; tÞ �

dWS½wðl; tÞ�
dwðl; tÞ ¼ 0: ð6:4Þ

Using the periodicity properties of distribution functions one can
easily show that the anchoring energy will be the same, we can simply
substitute w ¼ uH � u, wV ¼ uH � uV instead of u, uV and denote
again

fSðw; tÞ � fSðuH � w; tÞ:

14=[1880] A. Romanenko et al.
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Integrating the equation (6.3) we obtain the well-known formula

aðz� aÞ ¼ �
Z wðzÞ

0

dw

½sin2 wm � sin2 w�1=2
;

where w0ðzmÞ ¼ 0, wm ¼ wðzmÞ. In R.H.S. of this expression we have to
choose the sign ‘‘þ ’’ for z < zm, and ‘‘� ’’ for z > zm:When z ¼ 0 we find

�aa ¼ F arcsin
sinwo

k
; k

� �
; k ¼ sinwm: ð6:5Þ

Requiring the total solution being continuous at z ¼ zm, we can write

sinwðzÞ ¼ k sinðaðz� aÞ; kÞ ð6:6Þ

FIGURE 1 The function uSðsÞ for initially ordered surface distribution.

Magnetic Field Induced Director Reorientation 15=[1881]
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where a satisfies (6.5). The parameter kðtÞ can be calculated from the
boundary condition at z ¼ l

ak cnðaðl� aÞÞ � 1

k22

dW½wV �
dwV

¼ 0; wV � wðlÞ ¼ arcsin½k sinðaðl� aÞÞ�;

or, taking into account general expression of W

ak cnðaðl� aÞÞ þWo

k22
C2VðC2S sin 2wV � S2S cos 2wVÞ ¼ 0: ð6:7Þ

Here C2SðtÞ, S2SðtÞ and C2V are the same as in (3.2). Functions C2SðtÞ,
S2SðtÞ (and the anchoring energy) can be determined from the kinetic
equation as described in Sec. 4.

FIGURE 2 The function uVðsÞ for initially ordered surface distribution.

16=[1882] A. Romanenko et al.
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7. MODIFICATION OF KINETIC EQUATION

To describe the adsorption=desorbtion process more precisely we use
the generalized kinetic equation in the following form

@fSðu; tÞ
@t

¼ Aþðu; tÞfVðu; tÞ � A�ðu; tÞfSðu; tÞ; ð7:1Þ

where we denote

Aþðu; tÞ ¼ aþPþðu; tÞ; A�ðu; tÞ ¼ a�P�ðu; tÞ; ð7:2Þ

FIGURE 3 The distributions fVðsÞ and fSðsÞ for initially ordered surface
distribution for middle moment of time.

Magnetic Field Induced Director Reorientation 17=[1883]
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and

Pþðu; tÞ ¼ exp
asSs

kT
cos2ðu� uSÞ

� �

�
Z p=2

�p=2
exp � asSs

kT
cos2ðu1 � uSÞ

� �
fSðu1; tÞdu1; ð7:3Þ

P�ðu; tÞ ¼ exp � asSs

kT
cos2ðu� uSÞ

� �

�
Z p=2

�p=2
exp

asSs

kT
cos2ðu1 � uSÞ

� �
fVðu1; tÞdu1: ð7:4Þ

The functions P�ðu; tÞ can be interpreted as follows. The probability
for given LC molecule to be desorbed from the surface depends on the

FIGURE 4 The function uSðsÞ for initially chaotic surface distribution.

18=[1884] A. Romanenko et al.
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order parameter of surrounding it other adsorbed molecules, and also
site for desorption should be vacant in other words is may be written
as a�P�ðu; tÞ, where a� ¼ const. The surface order parameter is
defined as

Ss ¼
Z p=2

�p=2
½cos2 u� 1=2�fSðu; tÞdu: ð7:5Þ

The probability for given LC molecule to be adsorbed depends on
its orientational state before adsorption, the order parameter of
already adsorbed molecules, and also site for adsorption should be
vacant (some adsorbed molecule should go away before new molecule
from the bulk comes to that site). So that it is aþPþðu; tÞ, where
a� ¼ const.

FIGURE 5 The function uVðsÞ for initially chaotic surface distribution.

Magnetic Field Induced Director Reorientation 19=[1885]
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In stationary case we can put @fS=@t ¼ 0 and the kinetic equation
became

aþPþðu; tÞ ¼ a�P�ðu; tÞ:

Integrating this expression over u we arrive to the result that
aþ ¼ a�.

It seems that this form of the kinetic equation describes the experi-
mental data more realistically than the equation with A� ¼ const.
Some results of the numerical calculations are presented on Figures
1–6. The solution of the differential equation was developed with
the use of standard Runge-Kutta method, and at each step of this
procedure we solve the algebraic equation to find the parameter k of
the elliptic functions.

In all the figures the following values of constants are chosen:

l

n
¼ 2;

Won
k22

¼ 0:1; bV ¼ 4:55; bS ¼ 1:

FIGURE 6 The distributions fVðsÞ and fSðsÞ for initially chaotic surface distri-
bution for middle moment of time.

20=[1886] A. Romanenko et al.
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(the magnetic field is orthogonal to director distribution). In the kin-
etic equation (modified) we put A�;0 ¼ 1. Time variable is dimension-
less, we denote s ¼ A�;0t:

In the Figures 1–3 the initial orientation of LC molecules at
the plane is the same as in the nearest layer in the volume (i.e.,
fSðu; 0Þ ¼ fVðu; 0Þ). Time evolution of distributions is given for
s ffi 0:2. The function uSðtÞ can be fitted by the stretch exponent

uSðsÞ ¼ uSð1Þ þ A exp½�ðs=s0Þc�

with c ¼ 1:18.
In the Figures 4–6 the initial orientation at the plane is chaotic, we

describe this by the function

fsðu; 0Þ ¼
1; juj < 1:4;
0; juj > 1:4:

	

(further we normalize this function requiring
Rþp=2
�p=2 fSðu; 0Þdu ¼ 1).

Time evolution of distributions is given for s ffi 0:2. The function
uSðtÞ can be fitted by the stretch exponent with c ¼ 0:79.

Note that the parameter c in the stretch exponent essentially
depends on all the parameters of the model. It may be larger or
smaller than 1:

8. SUMMARY

We have studied time evolution of director orientation in the cell sub-
ject to the external magnetic field in the case of time-dependent
boundary conditions. Boundary conditions change is due to processes
of LC molecules adsorption=desorption. Director reorientation may
have stretch-exponential character. This agrees qualitatively with
experimental data of [11]. Characteristics of stretch exponent signifi-
cantly depend on model’s parameters, in particular on order
parameter of adsorbed LC molecules.

REFERENCES

[1] Cheng, J. & Boyd, G. D. (1979). Appl. Phys. Lett., 35, 444.
[2] Stoenescu, D. (1998). Ph.D. Thesis, Univ. P. Sabatier, Toulouse.
[3] Clark, N. A. (1985). Phys. Rev. Lett., 55, 292.
[4] Ouchi, Y., Feller, B. B., Moses, T., & Shen, Y. R. (1992). Phys. Rev. Lett., 68, 3040.
[5] Sato, Y., Sato, K., & Uchida, T. (1992). Jpn. J. Appl. Phys., 31, L579.
[6] Nose, T., Masuda, S., & Sato, S. (1991). Jpn. J. Appl. Phys., 30, 3450.

Magnetic Field Induced Director Reorientation 21=[1887]

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
9:

22
 2

2 
A

ug
us

t 2
01

2 



[7] Vetter, P., Ohmura, Y., & Uchida, T. (1993). Jpn. J. Appl. Phys., 32, L1239.
[8] Reznikov, Yu., Ostroverkhova, O., Singer, K., Kim, J.-H., Kumar, S., Lavrentovich, O.,

Wang, B., & West, J. (2000). Phys. Rev. Lett., 84, 1930.
[9] Rapini, A. & Papoular, M. (1969). J. Phys. Colloq., 30, 54.
[10] de Gennes, P. G. (1974). The Physics of Liquid Crystals, Clarendon Press: Oxford.
[11] Faetti, S., Gerus, I., & Mutinati, C. (2004). Mol. Cryst. Liq. Cryst., 421, 81.

22=[1888] A. Romanenko et al.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
9:

22
 2

2 
A

ug
us

t 2
01

2 




